Introduction
The full quantization of General Relativity remains an open problem despite the very important advances achieved during the last two decades, mainly within the"loop quantization" formalism of Ashtekar, Rovelli, Smolin and others (see, e.g., the books and review [1, 2, 3] . It is thus still worthwhile to investigate lower dimensional gravitation theories, where the technical difficulties of the 4-dimensional theory are somewhat milder [4] - [12] .
The purpose of the present paper is to investigate the canonical formulation of the model of two-dimensional gravity proposed independently by Jackiw and Teitelboim (JT) some time ago [4] . The JT model contains a dilaton-type scalar field, beyond the metric field, in order to have an action which does not reduce to boundary terms. Moreover a cosmological constant is introduced in order to be able to write a non-degenerate action. The invariance of the theory is thus de Sitter or anti-de Sitter ("(A)dS"). We shall start from the "BF " formulation introduced in [7] , which explicitly identifies the JT model as a topological gauge theory [13] , the gauge group being (A)dS.
Since most approaches to loop gravity are based -explicitly or implicitly -on a partial gauge fixing of the temporal type ("temporal gauge") [1, 2, 3] , we shall choose to work with a 2-dimensional version of the temporal gauge. The focus of this paper will be on the classical theory, the quantization being left for future publication [14] .
After recalling the main features of the JT model in Section 2, we spell down the canonical formulation of the BF version of the theory in Section 3. Using the quantization scheme of Dirac [15] for theories with constraints, we separate, in section 4, the second class constraints originated from the temporal gauge fixing, and show that the remaining first class constraints generate a gauge symmetry which is equivalent -up to field equations -to the invariance under space-time diffeomorphisms. The classical Dirac observables are shortly discussed in Section 5, and some brief conclusions are given in Section 6.
Part of the material of the present paper has been included by two of the authors [16, 17] in thesis presented as a requirement to the obtention of the Master degree.
2 The Jackiw-Teitelboim Model
The Jackiw-Teitelboim Action
Pure gravity in 2 space-time dimensions cannot be based on the Einstein-Hilbert action d 2 x √ −gR, which is a surface integral, corresponding to an identically vanishing Einstein tensor:
g µν R ≡ 0 [4] . A simple but nontrivial model has been proposed long ago independently by Jackiw and by Teitelboim [4] . The model contains, besides the space-time metric g µν (x), a dilaton type scalar field ψ(x). Its action is given by
It is invariant under space-time diffeomorphisms and leads to the Liouville equation 2) and to the equation for ψ [5] ,
where ∇ µ is the Levi-Civitta covariant derivative associated to the metric g µν . Eq. (2.2) yields a geometry with constant curvature, the parameter k playing the role of the cosmological constant.
A canonical quantization of this model in terms of the variables g µν and ψ has been given by Henneaux [5] .
BF Formulation of the Jackiw-Teitelboim Model
The model is equivalent to a BF model based on the gauge group (A)dS, i.e. the 2-dimensional de Sitter or anti-de Sitter group, SO(1,2) ou SO(2,1), according to the sign of the cosmological constant k [7, 6] . The (A)dS gauge connection is written as 4) where the operators P I (I = 0, 1) and Λ are the "translation" generators and the Lorentz boost generator, respectively, obeying the (A)dS algebra
The coefficients in (2.4) are the zweibein and Lorentz connection forms
The space-time metric is given in terms of the zweibein by
Introducing the indices i, j, · · · = 0, 1, 2 and denoting the generators of (A)dS as J i :
where the nonzero structure constants f ij k are 6 :
(A)dS possesses an invariant nondegenerate quadratic form J i , J j = k ij , where k ij is the Killing metric
Explicitly:
This metric and its inverse are used to lower and raise the indices i, j, · · ·. Notice that a nonvanishing cosmological constant k is necessary in order to ensure the nondegeneracy of the Killing metric.
The "B-field" of the theory is a Lie algebra valued scalar field
With the Yang-Mills curvature given by
the "BF " action reads [6, 13] :
where the Lagrangian L BF explicitly reads
Notice that the curvature components,
The completely antisymmetric tensor ǫ ijl is defined by ǫ 012 = 1. 7 The wedge symbol ∧ for exterior products of forms is ommitted. 8 The values of the space-time indices µ, ν, · · · are denoted by t, x. The antisymmetric LeviCivitta tensor ǫ µν is defined by ǫ tx = +1.
represent the torsion T I := F I and the Riemann curvature with cosmological term added, respectively.
The action (2.14), which is invariant under the (A)dS gauge transformations, turns out to be automatically invariant under the diffeomorphisms, on shell, as a general result for topological theories of this type [13] .
The field equations are
where
In components, with the notation
the functional derivatives read
The two equations which correspond to the variation of the scalar fields ϕ I lead to the conditions of zero torsion. Solving them for ω x and ω t in terms of the zweibein components e I µ shows the equivalence of the BF theory with the Jackiw-Teitelboim theory [7, 6] .
Canonical Formalism
As usual in the canonical formalism (see, e.g., [18] ), we assume for the space-time a topological structure of the form M = IR × Σ, where the real line IR represents "time", and Σ is a 1-dimensional manifold of arbitrary but fixed topology, representing "space". Choosing the components A i µ (x, t) of the connection as the generalized coordinates, the corresponding momenta will be 9 :
where L BF is the Lagrangian (2.15) The last equation indicates that we have a singular Lagrangian and must appeal to Dirac's formalism [15, 19] . This equation amounts to the presence of 3 primary constraints
where the symbol ≈ means "weak" equality according to the terminology of Dirac: such constraints will be solved only after all Poisson algebra calculations have been performed.
A Legendre transformation yields the Hamiltonian
The Poisson bracket algebra is defined by the brackets of the generalized coordinates and their conjugate momenta. The nonvanishing ones are
Consistency of the dynamics requires that the primary constraints do not evolve, hence must have (weakly) vanishing Poisson brackets with the Hamiltonian:
It results from
that we must impose the secondary constraints
We observe that the Hamiltonian (3.4) is made of constraints only, which is expected in a generally covariant theory [19, 20] . The fields A i t , which are not dynamical, play the role of Lagrange multipliers.
The primary constraints (3.3) being trivially solved, we are left with the secondary constraints (3.7). These constraints are first class according to Dirac's terminology, since they form a closed Poisson bracket algebra. This algebra is best expressed in terms of the "smeared constraints"
where ǫ i are arbitrary smooth functions. Then
this is the local version of the Lie algebra of the group (A)dS. These constraints generate the (A)dS gauge transformations:
4 Partial Gauge Fixing
The Temporal Gauge
Following an approach commonly used for the 4-dimensional theory, as described e.g. in the review [1] , we introduce a partial gauge fixing, the "temporal gauge", which consists in making vanish the component χ := e 0 x of the zweibein. This condition is implemented as a new constraint,
by modifying the action (2.14) as:
where B is a Lagrange multiplier field. This will introduce second class constraints which will be treated using Dirac's formalism [15, 19] .
The conjugate momenta and the nonvanishing Poisson brackets are now
and
We have now four primary constraints (the last two weak equalities in (4.3) ). Repeating the argument of the preceding section, we arrive at the Hamiltonian
and four secondary constraints:
The Poisson brackets of these constraints read, in matrix notation and up to constraints:
with α, β = 0, 1, 2, 3. The rank of the matrix C αβ is equal to 2, which means that we have two second class constraints. In order to separate them from the first class ones, we proceed to a redefinition
The new Poisson bracket matrix is
with the 2 × 2 submatrix (a, b = 2, 3) given by:
The latter has an inverse, 10) in the convolution sense, i.e.:
We conclude that the constraints G 
Dirac Brackets
In order to take care of the second class constraints, continuing to follow Dirac, we define the Dirac bracket between two fields A and B -local functionals of the fields e 1 x , ω x , ϕ 0 , ϕ 1 , ψ as:
where C ′ ab is the matrix (4.10). For A and B = e 1 x , ω x , ϕ 1 , ψ (but not ϕ 0 ), the result is simply:
Moreover, the Dirac bracket of any field A with a second class constraint is vanishing: 13) which allows to impose the second class constraints as strong equalities:
The second equality is just the temporal gauge condition, and the first one allows to express ϕ 0 as a function of the other basic fields
With this, the first class constraints
The Dirac bracket algebra of these contraints is closed: 
Gauge Symmetry and Invariance Under the Diffeomorphisms
The independent dynamical variables are now the fields e 1 x , ω x , ϕ 1 and ψ. Their nonvanishing Dirac brackets are
(4.19)
The constraints G ′ 0 and G ′ 1 generate the following gauge transformations, which are symmetries of the theory: 20) and, for G
These infinitesimal gauge transformations can be rewritten as
10 For the transformations generated by G ′ 0 , the field equations (2.19) are used and some heavy algebraic manipulations are necesssary.
In the expressions (4.22-4.25, 4.27), the symbol L (v t ,v x ) represents the Lie derivative in the direction of the vector (v t , v x ), which generates the time and space diffeomorphisms. The interpretation of this result is as follows. The time gauge condition (4.1), which breaks gauge invariance, leaves two residual symmetries unbroken. The first one is that of time diffeomorphisms, generated by G ′ 0 , up to constraints, up to field equations ("on-shell realization"), and up to a compensating local Lorentz transfortmation of parameter λ which takes care of the time gauge condition. The second unbroken invariance is that of space diffeomorphisms, generated by G .7) has been chosen in order to be scalar densities of weight 1. This indeed ensures that they form a Lie algebra (4.18) which is closed -in contrast with gravity in higher dimensions where the algebra closes with field dependent structure "constants" [2, 1, 3] . Such a feature is characteristic of 2-dimensional theories with general covariance, such as the bosonic string in the approach of [22] .
A new redefinition
28)
leads to the algebra
which shows a factorization in two classical Virasoro algebras.
To complete this section, let us write the final Hamiltonian
where ζ 0 e ζ 1 are scalar densities of weight −1 in 1-dimensional space. The equations of the dynamical fields generated by this Hamiltonian are
They are equivalent, modulo the constraints, to the field equations (2.19) for the fields e 1 x , ω x , ϕ 1 and ψ. 
We shall consider the space manifold Σ to be compact, homeomorphic to the circle S 1 . The coordinate x will be denoted by θ, with range (0, 2π). The nonvanishing Dirac brackets of the basic fields read
The two independent observables present in the theory, denoted by T and L, are defined, prior to the time gauge fixing, by
where A is the (A)dS connection and φ the scalar field in the adjoint representations as defined in Subsection 2.2. T , defined by (5.2) is known as a Wilson loop, where P denotes the path ordering in the θ coordinate, and J i (i = 0, 1, 2) are the generators of (A)dS. The observable L defined by (5.3) is actually global, too, since it is independent of θ as a consequence of the field equations.
For explicit calculations in terms of the component fields e I µ , etc., defined by (2.4) and (2.12), it is useful to take the generators J i in the fundamental representation as
where τ 1 , τ 2 and τ 3 are the Pauli matrices, the Killing form < , > being represented by the trace. Some useful formulae are 
In the Time Gauge Formalism
Let us now compute T and L for the time gauge fixed theory and check that the resulting expressions have vanishing Dirac bracket with the constraints G 0 and G 1 . The calculations for G 0 will be performed to the first nontrivial order of the expansion (5.2).
Using explicitly the time gauge condition and the expression of ϕ 0 given from the second class constraints (see eqs. For the quantity L given by (5.3), we obtain Hence L defines an observable, too.
Conclusion
The canonical construction of the classical theory in the time gauge has been completed in the Dirac formalism, including the discussion of the observables.
This represents a first step towards the construction of the corresponding quantum theory using the loop quantization techniques [21, 14] .
